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Configurational entropy of charged AdS black holes
Chong Oh Lee∗
Department of Physics, Kunsan National University, Kunsan 573-701, Korea
When we consider charged AdS black holes in higher dimensional spacetime and a molecule num-
ber density along coexistence curves is numerically extended to higher dimensional cases. It is found
that a number density difference of a small and large black holes decrease as a total dimension grows
up. In particular, we find that a configurational entropy is a concave function of a reduced tempera-
ture and reaches a maximum value at a critical (second-order phase transition) point. Furthermore,
the bigger a total dimension becomes, the more concave function in a configurational entropy while
the more convex function in a reduced pressure.
I. INTRODUCTION
It has been found that there is a first-order phase tran-
sition in the Schwarzschild-AdS black hole from analogy
between black hole and standard thermodynamic sys-
tem [1]. It has been suggested that the critical behavior of
charged AdS black holes remind Van der Waals liquid-gas
phase transition [2, 3]. Thermodynamics of black holes
in the extended space has been recently investigated by
treating the cosmological constant as the thermodynamic
pressure [4]. It has been found that the thermodynamic
pressure of charged AdS black holes is proportional to
their thermodynamic volume [5]. The P − V criticality
of charged AdS black holes in the extended space has
been investigated [6, 7]
A present-day concept of configurational entropy has
been suggested in Ref. [8] in search for the informational
entropy in the context of communication theory. It was
recently obtained in Ref. [9] through investigation of mea-
sure of ordering in field configuration space for spatially
localized energy solutions of nonlinear models and used
to study instability of a variety of objects [10–17].
The number density of black hole molecules was re-
cently introduced in Ref. [18] for investigation of mea-
sure of the microscopic degrees of freedom of black holes.
It was extensively studied for f(R) AdS black holes and
Gauss-Bonnet AdS black holes [19] and for the general-
ization of charged AdS black hole specific volume and
number density [20].
The paper is organized as follows: in the next sec-
tion we investigate configurational entropy in charged
AdS black holes in higher dimensional spacetime. In the
four-dimensional case, we explicitly present the configu-
rational entropy. In the five-dimensional/six-dimensional
case, its numerical result is given. In the last subsection
we discuss their thermodynamic properties. In the last
section we give our conclusion.
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II. CONFIGURATIONAL ENTROPY
In statistical thermodynamics the most general for-
mula between the entropy and the set of probabilities of
their microscopic states is given as the Boltzmann-Gibbs
entropy SBG
SBG = −kB
∑
pi ln pi, (2.1)
with
∑
pi = 1 where kB is the Boltzmann constant, and
pi is the probability of a microstate. Each microstate has
equal probability as the following
pi =
1
W
, (2.2)
where W is the number of microstates. Then the
Boltzmann-Gibbs entropy SBG (2.1) reduces to
SBG = kB lnW, (2.3)
where W is treated as the number of possible configu-
rations at the given energy, and the Boltzmann-Gibbs
entropy SBG (2.3) becomes the configurational entropy
in the microcanonical ensemble. Especially, supposing
there are two different molecules with the total number
of molecules N0, then the number of one type of molecule
is N1 and the number of another type of molecule N1.
The configurational entropy S is written as
S = kB lnW = kB ln
(
N0!
N1!N2!
)
, (2.4)
which leads to
S = kB(N0 lnN0 −N1 lnN1 −N2 lnN2), (2.5)
by employing sterling’s approximation lnN ! ≈ N lnN .
Since the effective number density n for the AdS black
hole is given as [6, 7]
n =
N
V
=
1
2l2P rh
(2.6)
where V is the thermodynamic volume and lP is Planck
length
lP =
√
~G/c3, (2.7)
the configurational entropy of charged AdS black holes
per unit volume sconf reduces to
sconf = −
[
n1 ln
(
n1
n1 + n2
)
+ n2 ln
(
n2
n1 + n2
)]
(2.8)
2by using geometric units G = c = kB = ~ = 1.
The charged AdS black hole metric in higher dimen-
sional spacetime is given as
ds2 = −f(r)dt2 + dr2
dr2
+ r2dΩ2d−2. (2.9)
with
f(r) = 1− m
rd−3
+ q
2
r2(d−3)
+ r
2
l2
, (2.10)
where parameter m relates to the ADM mass M , which
is identified with enthalpy H (M ≡ H = U + PV ) [4]
M ≡ H = pi
d−1
2 (d−2)m
8piΓ( d−12 )
, (2.11)
and parameter q relates to the black hole charge Q [2, 3]
Q =
pi
d−1
2
√
2(d−2)(d−3)q
4piΓ( d−12 )
. (2.12)
One may treat the cosmological constant Λ as the ther-
modynamic pressure P
P = − Λ8pi =
(d−1)(d−2)
8pil2 , (2.13)
and its conjugate quantity as the thermodynamic vol-
ume [5].
V =
2pi
d−1
2 r
d−1
h
Γ( d−12 )
(2.14)
The d-dimensional black hole temperature T can read
T = 14pirh
[
(d− 3) + 16piP
d−2 r
2
h −
(d−3)q2
r
2(d−3)
h
]
, (2.15)
which leads to the thermodynamic pressure P
P = (d−2)T4rh −
(d−2)(d−3)
16pir2
h
+ (d−2)(d−3)q
2
16pir
2(d−2)
h
. (2.16)
Employing the Legendre transform of enthalpy G˜ = H −
TS, the Gibbs free energy G˜ is given as
G˜ = pi
d−1
2
8piΓ( d−12 )
[
rd−3h −
16piPrd−1
h
(d−1)(d−2) +
(2d−5)q2
r
d−3
h
]
.(2.17)
The specific volume v of the black hole fluid is iden-
tified with the horizon radius of the black hole through
comparing with the Van der Waals equation [6, 7]
v =
4ld−2
P
d−2 , (2.18)
and the equation of state is given as
P = T
v
− d−3
pi(d−2)v2 +
42d−5(d−3)q2
4pi(d−2)2d−5v2(d−2) . (2.19)
The critical point is obtained by solving the following
two equations
∂P
∂v
= 0,
∂2P
∂v2
= 0, (2.20)
which leads to
Pc =
(d−3)2
pi(d−2)2v2
c
, (2.21)
Tc =
4(d−3)2
pi(d−2)(2d−5)vc , (2.22)
vc =
4
d−2
[
(d− 2)(2d− 5)q2
] 1
2(d−3)
, (2.23)
G˜c =
pi
d−1
2
√
(d−2)(2d−5)q
2piΓ( d−12 )(d−1)
. (2.24)
Employing the the reduced physical parameters as
p =
P
Pc
, τ =
T
Tc
, ν =
v
vc
, G =
G˜
G˜c
,(2.25)
the Gibbs free energy (2.17) is written as
G = 14
[
(d− 1)νd−3 − (d−3)
2pνd−1
d−2 +
d−1
(d−2)νd−3
]
,(2.26)
and the equation of state is
p = 4(d−2)τ(2d−5)ν −
d−2
(d−3)ν2 +
1
(d−3)(2d−5)ν2(d−2) , (2.27)
which leads to
τ = (2d−5)pν4(d−2) −
2d−5
4(d−3)ν −
1
4(d−2)(d−3)ν2d−5 . (2.28)
Since the first-order phase transition occurs between
the small and large black hole along the coexistence curve
except the critical point τ = τc, the two states have the
same Gibbs free energy, and Eqs. (2.26) and (2.28) are
written as
G1 =
1
4
[
(d− 1)νd−31 −
(d− 3)2pνd−11
d− 2 +
d− 1
(d− 2)νd−31
]
,
=
1
4
[
(d− 1)νd−32 −
(d− 3)2pνd−12
d− 2 +
d− 1
(d− 2)νd−32
]
= G2, (2.29)
τ =
(2d− 5)pν1
4(d− 2) −
2d− 5
4(d− 3)ν1
− 1
4(d− 2)(d− 3)ν2d−51
,
=
(2d− 5)pν2
4(d− 2) −
2d− 5
4(d− 3)ν2
− 1
4(d− 2)(d− 3)ν2d−52
.
(2.30)
A. The four-dimensional case
In the case of d = 4, the above Eqs. (2.29) and (2.30)
reduce to [18, 19]
pν41 − 6ν21 − 3
8ν1
=
pν42 − 6ν22 − 3
8ν2
, (2.31)
3pν41 + 6ν
2
1 − 1
8ν31
=
3pν42 + 6ν
2
2 − 1
8ν32
, (2.32)
32τ =
3pν41 + 6ν
2
1 − 1
8ν31
+
3pν42 + 6ν
2
2 − 1
8ν32
. (2.33)
For convenience, we now employ the parameters as the
following
x = ν1 + ν2, y = ν1ν2, (2.34)
and the above Eqs. (2.31)∼(2.33) are written as
−px2y + py2 + 6y − 3 = 0, (2.35)
2py3 + x2 − 6y2 − y = 0, (2.36)
−3pxy3 + x3 − 6xy2 − 3xy + 16τy3 = 0 (2.37)
These equations can be analytically solved, and the cor-
responding reduced pressure p is obtained as
p =
2
4
3 τ2(−τ +
√
τ2 − 2) 23
[2
1
3 + (−τ +
√
τ2 − 2) 23 ]2
, (2.38)
which is shown as red solid curve in Fig. 1.
Introducing the number density of black hole molecules
n = 1/v, we have
n1 − n2
nc
=
ν2 − ν1
ν1ν2
=
x2 − 4y
y
=
√
6− 6√p
=
√
6− 6× 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
. (2.39)
which is shown as red solid curve in Fig. 2. Here, n1 and
n2 are explicitly calculated as
n1 =
1
v1
=
√
x2 − 4y + x
2y
=
(√
3−√p+
√
3− 3√p
)
√
p
√
2
,
=
1√
2
(√
3− 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
+
√
3− 3× 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
)
× 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
, (2.40)
n2 =
1
v2
=
√
x2 − 4y − x
2y
=
(√
3−√p−
√
3− 3√p
)
√
p
√
2
,
=
1√
2
(√
3− 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
−
√
3− 3× 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
)
× 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
. (2.41)
Substituting with the configurational entropy (2.8), we
get
sconf = −
[(√3−√p+√3− 3√p)√p
√
2
× ln
{
1
2
(
1 +
√
3− 3√p√
3−√p
)}
+
(√
3−√p−
√
3− 3√p
)
√
p
√
2
× ln
{
1
2
(
1−
√
3− 3√p√
3−√p
)}]
= −
[
1√
2
(√
3− 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
+
√
3− 3× 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
)
× 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
× ln


1
2

1 +
√
3− 3× 2
2
3 τ(−τ+
√
τ2−2)
1
3
2
1
3+(−τ+
√
τ2−2)
2
3√
3− 2
2
3 τ(−τ+
√
τ2−2)
1
3
2
1
3+(−τ+
√
τ2−2)
2
3




+
1√
2
(√
3− 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
−
√
3− 3× 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
)
× 2
2
3 τ(−τ +
√
τ2 − 2) 13
2
1
3 + (−τ +
√
τ2 − 2) 23
× ln


1
2

1−
√
3− 3× 2
2
3 τ(−τ+
√
τ2−2)
1
3
2
1
3+(−τ+
√
τ2−2)
2
3√
3− 2
2
3 τ(−τ+
√
τ2−2)
1
3
2
1
3+(−τ+
√
τ2−2)
2
3



 ,
(2.42)
which is shown as red solid curve in Fig. 3.
B. The five-dimensional case
As discussed in the previous section we will apply a
similar analysis to the five-dimensional case.
pν61 − 3ν41 − 1
3ν21
=
pν62 − 3ν42 − 1
3ν22
, (2.43)
10pν61 + 15ν
4
1 − 1
24ν51
=
10pν62 + 15ν
4
2 − 1
24ν52
, (2.44)
40.2 0.4 0.6 0.8 1.0
0.2
0.4
0.6
0.8
1.0
FIG. 1. Plot of the reduced pressure p as the function of the
reduced temperature τ (red solid curve for d = 4, blue dotted
curve for d = 5, and purple dashed curve for d = 6, respectively).
2τ =
10pν61 + 15ν
4
1 − 1
24ν51
+
10pν62 + 15ν
4
2 − 1
24ν52
,(2.45)
which leads to
−px2y2 + 2py3 + 3y2 − 1 = 0 (2.46)
10py5 + x4 − 3x2y − 15y4 + y2 = 0 (2.47)
10pxy5 − x5 + 5x3y + 15xy4 − 5xy2 + 48τy5 = 0,
(2.48)
which is a complicated high-order polynomial equation
and it is difficult to analyze exactly. However some nu-
merical investigation can be employed and the reduced
pressure p as the function of the reduced temperature
τ is numerically calculated as blue dotted curve in Fig.
1. The number density difference of the small, and large
black holes (n1 − n2)/nc as the function of the reduced
temperature τ is numerically obtained as blue dotted
curve in Fig. 2, and the configurational entropy sconf
as the function of the reduced temperature τ is numeri-
cally given as blue dotted curve in Fig. 3.
C. The six-dimensional case
We now apply similar numerical investigations to the
six-dimensional case.
9pν81 − 20ν61 − 5
16ν31
=
9pν82 − 20ν62 − 5
16ν32
, (2.49)
21pν81 + 28ν
6
1 − 1
48ν71
=
21pν82 + 28ν
6
2 − 1
48ν72
, (2.50)
2τ =
21pν81 + 28ν
6
1 − 1
48ν71
+
21pν82 + 28ν
6
2 − 1
48ν72
,(2.51)
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FIG. 2. Plot of the number density difference of the small and large
black holes (n1−n2)/nc as the function of the reduced temperature
τ (red solid curve for d = 4, blue dotted curve for d = 5, and purple
dashed curve for d = 6, respectively).
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FIG. 3. Plot of the reduced configurational entropy sconf as the
function of the reduced temperature τ (red solid curve for d = 4,
blue dotted curve for d = 5, and purple dashed curve for d = 6,
respectively).
which leads to
−9px4y3 + 27px2y4 − 9py5 + 20x2y3
−5x2 − 20y4 + 5y = 0, (2.52)
21py7 + x6 − 5x4y + 6x2y2 − 28y6 − y3 = 0, (2.53)
−21pxy7 + x7 − 7x5y + 14x3y2
−28xy6 − 7xy3 + 96τy7 = 0, (2.54)
which is numerically solved and the reduced pressure p as
the function of the reduced temperature τ , the number
density difference of the small, and large black holes (n1−
n2)/nc as the function of the reduced temperature τ , and
the configurational entropy sconf as the function of the
reduced temperature τ are given as purple dashed curve
in Fig. 1, Fig. 2, and Fig. 3, respectively.
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FIG. 4. Plot of the maximum number density difference of the
small and large black holes (n1 − n2)/nc as the function of the
total dimension d.
D. The thermodynamic properties
We now discuss the thermodynamic properties in
charged AdS black holes in higher dimensional spacetime.
As shown in Fig. 1, and Fig. 2, as the reduced tem-
perature τ grows up the reduced pressure p monotoni-
cally increases while the number density difference of the
small, and large black holes (n1 − n2)/nc decreases. As
shown in Fig. 3, the bigger the total dimension d be-
comes, the more concave function in the configurational
entropy sconf . Especially, as the reduced temperature τ
grows up, scong monotonically increases, and reaches the
maximum value at the critical (second-order phase tran-
sition) point. The maximum number density difference
of the small and large black holes (n1 − n2)/nc at τ = 0
is obtained as
n1−n2
nc
=
[
(d− 2)(2d− 5)
] 1
2(d−3)
. (2.55)
As shown in Fig. 4, it decreases as the total dimension d
increases.
III. CONCLUSION
We considered higher dimensional charged AdS black
holes and investigated the number density difference of
the small and large black holes (n1 − n2)/nc, and the
reduced configurational entropy sconf in the context of
the molecule number density. We explicitly obtained the
general form of maximum value of (n1−n2)/nc at τ = 0,
and found that its maximum value decreases as the total
dimension d increases. Especially, the configurational en-
tropy sconf monotonically increases as the reduced tem-
perature τ grows up. It finally reaches a maximum value
at a critical (second-order phase transition) point. This
result is natural since in any system containing two differ-
ent types of molecules, when they have the same number
of molecules, the number of microstates W reaches max-
imum value. Furthermore, such result is consistent with
that of the Van der Waals system. It was shown that the
critical behaviour of charged AdS black holes coincides
with those of the Van der Waals system [6]. In par-
ticular, when the second-order phase transition between
liquid and gas occurs at the critical point, the distinc-
tion between the liquid and gas phases of the Van der
Waals fluid is almost non-existent near the critical point
and the molecules in the liquid and gas states are almost
identical. Then, the number of microstates W becomes
maximum.
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